. MAP6 promotes the growth of 14-protofilament microtubules. Microtubules were polymerized in the absence of seeds from either 60 µM of tubulin (control) or 15 µM of tubulin in the presence of 300 nM of MAP6 and analyzed by cryo-electron microscopy (in the control, a higher concentration of tubulin is required for nucleation). Microtubule lattice organization was determined by the specific moiré fringe pattern resulting from the 2D projection of protofilaments (32) . Proportions of microtubules with various numbers of protofilaments in the presence or absence of MAP6 are plotted as percentages of the total microtubule population. The total measured length of microtubules was 259 and 481 µm for control and MAP6 conditions, respectively. 
Supplementary Text

Model for microtubule curvature formation
The basic question that we intend to answer here is: how can an intact microtubule, which is a rigid tubular structure, transforms into a stable large-scale superhelix of micron-sized pitch and diameter? As previously suggested (25, 26) , such a helix could be formed if a block of protofilaments shortens and bends outwards, while the tube is maintained. In the absence of internal twist, when the protofilaments are parallel, the tube will bend in the direction of the bent protofilament block and thus form an arc. When the protofilaments are twisted around the tube with a given internal pitch (which varies with the number of protofilaments) the microtubule adopts a helical shape.
What is the physical mechanism responsible for the outward bending of a block of protofilaments? As noted earlier (25, 26) , the bending can be explained by a change of conformation at the level of the tubulin dimer that favors outward curving, propagates along a block of protofilaments and triggers the global bending of the microtubule as a minimum energy state.
There are two scenarios that might account for such an organization within the lattice:
(i) The tubulin dimers of the bent segment have switched to a different conformational state, with a block of protofilaments in a GDP state and the remaining ones in a GTP state. A perfectly organized separation between GDP or GTP-bound tubulins, which might result from the binding of MAPs or other molecules, appears very unlikely. But transient curved microtubule might form when the GTP hydrolysis is not homogeneous.
(ii) All tubulins in the lattice are in the GDP state but they are multistable entities that can fluctuate between a straight and a curved (shorter) conformation. With the additional condition of cooperativity, a conformational change in a block of protofilaments on one side of the microtubule lattice that occurs while the rest of the protofilaments stay unchanged would lead to lattice frustration and additional stress that can be reduced by a global microtubule bending and helical reshaping. In this case the helix results from the physical mechanism of spontaneous symmetry breaking.
We favor this second scenario, and present a model based on it below.
Multistability of tubulin
The two straight and curved/short switched states are compatible with our knowledge of the structure of the tubulin dimer. There seems to be a consensus that both GTP-tubulin and flexible to easily straighten during its incorporation into the lattice, which therefore stores little strain energy. This favors the polymerization of a stable microtubule. The change of the GDPtubulin conformation from curved to straight, however, stores a larger strain energy in the lattice, resulting in a metastable microtubule subject to depolymerization (41) . It has been observed that GDP-tubulin within the lattice polymerized with taxol can adopt an intermediate state between its straight and curved (free) state (42) . Taxol is a small molecule that binds on the luminal face of βtubulin and straightens the GDP-protofilaments, preventing GTP hydrolysis from putting strain on the lattice. Consistent with this observation, stable taxol-stabilized microtubules adopting a three-dimensional helicoid structure with a 15 µm pitch have been described (43) . More recently, comparison of the GMPCPP (a stable analogue of GTP) and GDP reconstructions suggests a compaction at the dimer interface (called a "dimer rise" (2)) of the GDP tubulin with an axial dimer repeat reduction of 2.4% (2) instead of the intermediate curved conformation of the dimer itself (42) . Lattice compaction is not observed when comparing the GMPCPP-taxol and GDPtaxol, in agreement with earlier studies (44) ; this effect is observed only during the copolymerization of tubulin and taxol. If taxol is added after microtubule polymerization, there is global shortening (44) . This implies that taxol is capable only of allosterically reversing the conformational switch of the dimer interface at the moment of GTP hydrolysis (45) . We would therefore expect to observe a GTP-like straight (not compacted) microtubule instead of the helical microtubule observed in (43) . It is not known whether taxol was added before or after polymerization in (43) , but we suspect that helical conformations are observed only during copolymerization.
There is no definite answer regarding the curved or compacted rise of GDP tubulins within the lattice. Since direct comparison of the GTP and GDP with taxol is not yet available, a slight curvature in the GDP form with respect to the GTP as observed in (42) might indeed exist.
In any case, as the model below shows, the assumption of conformational bistability between either straight/curved dimers, or extended/compacted tubulin rise and cooperativity, could account for a stable helical structure. There are some data that provide hints about bistability and cooperativity, at least for the curved case: observations of individual taxol-protofilaments show that straight and slightly curved protofilaments coexist at the same time, with a small preference for the curved state (46) . This indicates that taxol-GDP tubulin is a metastable entity that can fluctuate between a straight and a curved state. The bimodal distribution of protofilaments implies that tubulin switching occurs simultaneously, suggesting a cooperative interaction along the protofilament (46) . Based on the assumption of tubulin bistability and cooperativity, a model was built that proposes taxol-stabilized microtubules adopt a helical shape via a spontaneous symmetry-breaking mechanism (25) . In the experiments of (43) an additional population with a larger curvature was observed over a longer period of time, suggesting some aging phenomenon.
It was proposed that this large curvature can be activated by external forces and torques exerted by kinesin motors on gliding assays (26) . An extension of the model (25) for microtubule gliding (26) led to the discovery of a mechanical hysteresis that quantitatively explains the formation of metastable curved microtubules moving in circles (47) .
There are many other lines of evidence that binding molecules like motors, MAPs and drugs can change the lattice conformation by acting at the level of the tubulin. For instance, kinesin-1 binding shortens the dimer rise of the GMPCPP-microtubule by 0.8% but shows no effect on the compacted GDP-microtubule (48) . On the other hand, the binding of KIF5C, a neuronal isoform of kinesin-1, on GDP-microtubule revealed an axial pitch elongation by 1.4% and a strong cooperativity of the tubulin dimers on the same protofilament (49) . The KIF5Cinduced extended GDP lattice also showed mechanical hysteresis, similar to gliding microtubules (26) , as it kept its metastable elongated conformation for minutes after KIF5C dissociation (49) .
In the experiment of reference (49) , the GDP-microtubules are immobilized to the cover glass, rendering curvature in space impossible.
The experimental MAP6-microtubule co-polymerization conditions in the present study promote the growth of microtubules with 14 protofilaments that form large-scale superhelices of an average pitch of 5.5 µm and radius of 2.5 µm. This is a strong indication that the bending of the helix is triggered by a conformational change of tubulins in a block of protofilaments, the mechanism likely being similar to the one proposed for taxol-stabilized microtubules (25) . .
During co-polymerization, the microtubule grows as a stable superhelix and nanometer-sized luminal densities are observed. This shows that GTP hydrolysis, in addition to the presence of MAP6 in the lumen, is essential for the helical deformation. This suggests that MAP6 can multimerize and form an elastic network attached to the internal wall and that the densities are likely made of MAP6 multimers. The MAP6 tensile elastic network on the inner surface will thus counteract the compaction effect induced by GTP hydrolysis occurring on the exterior (2, 44) .
There is no direct proof of multimerization of MAP6 in the microtubule lumen, but only the MAP6 inside the microtubules forms particle densities, and the MAP6 bound to the outside is not visible by cryo-electron microscopy. This strongly suggests that there is a greater oligomeric fraction of MAP6 within the microtubule than outside it.
Basic Model Ingredients
We propose a frustrated core-shell model that is specific to the MAP6 sequence of binding, GTP hydrolysis, and microtubule bending involving the following four steps:
Step 1: Lumen binding. MAP6 co-polymerizes with tubulin and binds to the inner microtubule wall before hydrolysis (i.e., during co-polymerization),
Step 2: Multimerisation/Network formation. MAP6/MAP6 binding leads to formation of a MAP6 elastic network within the lumen. As the diameter of the spherical lumen dots is ~ 9 nm, we can estimate a molecular mass of order ~ 400 kDa. As MAP6 has a mass ~ 100 kDa we can expect up to four MAP6 in a single particle density. Also there must be MAP6 regions for wall attachment (not clearly resolved so far, probably amorphous) and connectors between the particles. MAP6 multimerization combined with lumen binding gives rise to a definite elastic reference state of MAP6 with respect to the microtubule wall.
Step 3: GTP hydrolysis. Two scenarios are possible in this context for the change of conformation of the tubulin dimer: (i) the tubulin itself switches to a slightly curved state after GTP hydrolysis (42) , or (ii) the hydrolysis of GTP leads to preferred compaction of the MAP6tubulin dimer rise (2).
Step 4: Elastic shape instability). After hydrolysis followed by wall curving/shortening, there is now a mismatch between external and internal preferred elastic states. The wall prefers to be curved/shorter while the MAP6 elastic core in the lumen prefers to keep the straight/elongated state. This mismatch leads to microtubule-buckling and lattice curving.
This model is an adaptation of the previously proposed polymorphic lattice model (26) , extended by the presence of an additional internal restoring spring force originating from the elastic MAP6 network. The presence of pre-stress in the model shares also some similarity with the surface-core instability model more recently developed for the curving instability of intermediate filaments (50) . For vimentin filaments, the stress on the outside of the filament and its mismatch with the stress on the inside of it, lead to a conflict and a shape instability called autocoiling (50) . The specificity of the current model for microtubules and MAP6 is that the tubulin dimer (or protofilaments) are already bistable by construction. In reference (2) the short state corresponds to a reduction 0 = 2.4% of the axial GDP tubulin dimer repeat. When an additional internal spring is added to restore the long state (the MAP6 network) and thus counteracts the switching to the short state, we expect in general a smaller value of the reduction 0 . Therefore, the MAP6-tubulin dimer complex is a single entity that can fluctuate between two conformations over an experimental time scale. The free energy difference between the two states must therefore be of the order of a few .
In summary, in this model the binding of MAP6 to the microtubule interior exerts a force that maintains extension whereas the exterior tends toward compaction. The facts and findings seem to agree and integrate well with the model. In particular the model explains the necessity for a) MAP6 + tubulin co-polymerization and b) GTP-GDP hydrolysis to occur in sequence in order for the microtubule to curve. If tubulin polymerizes first, then hydrolyses, then shortens and only then MAP6 is added, the latter stabilizes the lattice by binding (only) on the microtubule exterior.
However, in this (reversed) scenario, it is the curved/short state of the lattice that is stabilized (as opposed to the long state stabilization in previous case). Thus, the steps of MAP6 binding and hydrolysis are not interchangeable and the necessary frustration is induced only upon copolymerization followed by hydrolysis. Once the curvature is established, the conformation switching of GDP-tubulin to the curved/short state propagates along the protofilament axis. Naturally on this model, the helix follows the built-in protofilament pitch. This is the reason for the appearance of the helix instead of simple curved arcs.
Parameters of the Model
The polymorphic switchable model as presented here is general and thus adaptable to different situations as discussed in several papers (see for instance (25) and (26)). It requires only few parameters.
Known parameters.
They define the geometric and elastic properties of the MT. We have the number of protofilaments N = 14, the inner and outer microtubule radii = 7.5 nm and 0 = 11.5 nm, the tubulin height ≈ 8 nm, which are known from crystallography (51) . We need also the commonly used value of the bending stiffness of the microtubule = 10 −23 Nm 2 .
A priori unknown parameters (i) The tubulin bistability assumption is associated with two physical quantities:
ΔG, the free energy difference between the long and short GDP-tubulin conformation which has to be of order of . 0 , the tubulin strain. It is the relative length variation of the GDP-tubulin dimer when it switches from its long state to its short one.
(ii) The MAP6 are described as an elastic network attached to the interior wall of the MT and the stiffness of this network is given by the spring constant K. The sizes of the MAP6 particles do not explicitly enter the model
Outcome of the model
From the observed value of the radius of curvature R = 2.5 µm of the helical microtubules we obtained for a strain compaction of the basic unit 0 ≈ 0.6% (see the mathematical details). In the absence of MAP6 or for small values of the MAP6 spring constant K, our model predicts that the helical state is only metastable. In this case, the ground state is a straight microtubule either long or short depending on the values of ΔG which favor either the long or short tubulin state. For large enough K and 0 ≈ 0.6% the situation change drastically, as the ground state can be a superhelix with the characteristic experimentally observed. The road to this result can be followed from the details given in the next paragraph.
Mathematical details of the model
We consider a cross-section of a microtubule composed of N = 14 protofilaments. The total energy density is the sum of the elastic energies of the microtubule cross-section, the MAP6 network, and a switching energy:
where the transition energy ℎ comes from the hypothesis that every tubulin-MAP6 complex (indexed by n = 1...N = 14) has a free energy gain ΔG < 0 to switch from the long state σ = 0 to the curved/short state σ = 1 (Fig. 5 ). Thus the transition energy density reads
where b is either the tubulin height ≈ 8 nm in the case of tubulin curvature or the tubulin axial repeat (dimer rise) ≈ 8.3 nm in the case of interdimer interface compaction. The elastic energy density = + 6 of the cross-section is the sum of the elastic energy of the lattice and the elastic energy of the MAP6 network 6 . We parameterize the microtubule cross-section by the azimuthal angle and the radial distance to the centerline with ϵ [ , 0 ] with = 7.5 nm, 0 = 11.5 nm the inner and outer microtubule radii, respectively, as known from crystallography (51) . Denoted by Y the Young's modulus, we have
where ( , ) = − ⃗ ⃗ + ̅ is the inner strain with ⃗⃗⃗⃗ = ( , ) the centerline curvature vector, ⃗ = (sin ,sin ) and ̅ the mean stretching strain of the cross section (26) .
Each basic unit can also have a preferred strain that can be either straight ℎ = 0 or switched = ℎ . This is the bistability hypothesis. The preferred switched strain on a tubulin ℎ decomposes into two contributions ℎ = for ∈
[ , ] and ℎ = 0 for ∈ [ , 0 ]. In the latter we will choose arbitrary to decompose the tubulin symmetrically with = + 0 2 ≃ 10 nm.
The elastic energy 6 the MAP6 network can be written
where K is the spring constant of the MAP6 network which has its lower energy in the extended state for ̅ = 0.
We consider a block of basic units of size p switched to the preferred state with ℎ , and ( − ) of them remaining straight with = 0. Choosing a particular direction for bending, for instance ⃗ = ( , 0) , we have ( , ) = − cos + ̅ and the total elastic energy after some short algebra becomes In this simplified case, ̅ ≈ 0, as expected. The phase diagram that results from Eq. (13) depends only on the parameter γ given by Eq. (7) and was studied in (25) to explain how taxol induces a microtubule helix (25, 43) (where the lattice shortening strain ε was not taken into account). The result is that for ≲ −0.18 the ground state is the short microtubule with = 2 . For ≳ 0.18, the minimum energy is given by = 0 , corresponding to the long microtubule. Therefore, for −0.18 ≲ ≲ 0.18 the microtubule adopts a helical conformation for an angle different from 0 or 2 . We note that for = 0 , the minimum is at = , i.e., half of the protofilaments are switched, displaying the state of maximal curvature. One can show that for a curved ground state, the number of basic elements p of a block that is switched lies in the range from 5 to 9.
Straight-curved tubulin state
In this first model, we consider a switched tubulin state that is curved, i.e.; For 0 ≃ −1%, one has 1 ≈ 0.4 µm -1 and thus a radius of curvature ( ) = 1/(0.4sin ( 14 )) lying in the range 2.5 µm for = 7 to 2.8 µm for = 5 (or 9) in agreement with the observed average radius of curvature of the helical shape (Fig. 2D) .
Remark: we have assumed that = + 0 2 ≈ 9.5 nm. Another, less symmetrical choice is possible. For instance, = 10.5 nm, thus closer to the outer side, leads to the same 1 ≈ 0.4
µm -1 but for 0 = −2%. In the absence of structural knowledge of the MAP6 tubulin complex, the value of 0 is arbitrary, although its range of magnitudes has to be very narrow, within a few percent. In the following we stay with ≈ 9.5 nm.
Can the observed superhelical microtubule with ~ 2.5 µm be a ground state of the phase diagram resulting from Eq. (11)? For 0 = −1% we have 0 ≈ 1.4 10 5 and 1 ≈ 120. We expect that the existence of curved microtubule relies on the value of , the spring constant of the MAP6 network acting on the inner size of the tubulin which opposes to the compaction of the outer side induced by GTP hydrolysis. Indeed, in the small restoring force regime << 0 , we have ≈ 0.1 and the curved microtubule is not a ground state (but can be excited by external torque and force (26)). In this case the ground state is either short-straight or long-straight, depending on the value of . 
Extended-compacted tubulin state
In this second model, we assume that the tubulin dimers stay straight in the lattice but that dimer rise can be in an extended or compacted state. This situation can be modeled by assuming that = 0 < 0. In this case
The same range of microtubule radius of curvature ∈ [2.5, 2.8] µm is obtained for a strain compaction of the basic unit 0 ≈ −0.6%. This shows that even a very small dimer rise compaction can lead to a strong microtubule deformation due to the cooperativity along the switched protofilaments. In this case 0 ≈ 1389, 1 ≈ 13 and 2 ≈ 0.4. In the limit of large k we obtain a maximal value of the MAP6 elastic network force per tubulin of the order f ≈ 12 pN.
Smaller values can be reached for finite values of k. For instance, in the interval ∈ [0.02, 0.23], we obtain this time k ≈ 950 and a force f ≈ 5 pN. We have a switching energy |Δ | ≈ 1.5 , similar to the previous case.
Dynamic microtubule curvature switching events
Our model presents a coherent interpretation of the origin of the stable superhelical microtubule conformation observed during the co-polymerization of tubulin and MAP6 (Fig.   S6A ). Another remarkable phenomenon is the occasional observation of stable, highly curved arcs (R∽0.8 µm) at the growing microtubule end. The arcs either persist in shape for long time intervals while the end continues growing in a helical conformation ( Fig. S6B ) or they suddenly reshape by transiently leaving the observation plane and finally switch to helical states ( ∼ 2.5 µm) ( Fig S6C and S7D) . The formation of highly curved arcs might correspond to scenario (i) presented at the beginning of the supplementary text. At an initial stage, by maintaining the tubulin dimer under tension, MAP6 might delay the hydrolysis of the GTP on one side of the microtubule cross-section, and the curvature builds up during the growth phase. This scenario can be understood with our model where now the lattice curvature can be seen as resulting from the bistability of tubulin between its GTP and GDP (with MAP6 binding) states with a strain 0 of the order −2% similar to (2) . The slowed down, delayed hydrolysis can happen over long periods (seconds and minutes) and lead to a metastable lattice that can form a domain in contact with the helical state ( Fig S6B) . This metastable lattice could also switch quickly upon GTP hydrolysis to the helical state (with bistable GDP tubulins) as in Fig S6C and S6D . Therefore the cooperative curvature switching events, observed in early growth stage in the movies (with MAP6 + tubulin co-polymerized) are characteristic of the existence of various polymorphic states with different curvatures, as predicted by the model.
